Virtually Free pro-p groups whose Torsion 
Elements have finite Centralizer 

W. Herfort: P.A. Zalesskit 
February 2, 2008 

Abstract 

A finitely generated virtually free pro-p group with finite centralizers 
of its torsion elements is the free pro-p product of finite p-groups and a 
free pro-p factor. 

1 Introduction 

The objective of this paper is to give a complete description of a finitely gener- 
ated virtually free pro-p group whose torsion elements have finite centralizers. 
Our main result is the following 

Theorem 1.1 Let G be a finitely generated virtually free pro-p group such that 
the centralizer of every torsion element in G is finite. Then G is a free pro-p 
product of subgroups which are finite or free pro-p. 

This is a rather surprising result from a group theoretic point of view, since 
the theorem does not hold for abstract groups (as well as for profinite groups): 
an easy counter example is given in Section 5. However, from a Galois theoretic 
point of view it is not so surprising. Indeed, the finite centralizer condition 
for torsion elements arises naturally in the study of absolute Galois groups. In 
particular, D. Haran [2] (see also I. Efrat in [1] for a different proof) proved the 
above theorem for the case when G is an extension of a free pro-2 group with a 
group of order 2. 

The proof of Theorem 1 explores a connection between p-adic representations 
of finite p-groups and virtually free pro-p groups, which gives a new approach 
to study virtually free pro-p groups. This connection enables us to use the 
following beautiful result: 
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Theorem 1.2 [([9] A. Weiss)] Let G be a finite p- group, N a normal subgroup 
of G and let M he a finitely generated Zp[G]-module. Suppose that M is a 
free N-module and that is a permutation lattice for G/N. Then M is a 
permutation lattice for G. 

Here Af ^ means the fixed submodule for N, and a permutation lattice for G 
means a direct sum of G- modules, each of the form Zp[G/H] for some subgroup 
H of G. 

The connection to representation theory cannot be used in a straightforward 
way, however. Indeed, if one factors out the commutator subgroup of a free open 
normal subgroup F then the obtained G/F-module would, in general, not satisfy 
the hypothesis of Weiss' theorem. In order to make representation theory work, 
we use pro-p HNN-extensions to embed G into a rather special virtually free 
pro-p group G, in which, after factoring out the commutator of a free open 
normal subgroup, the hypotheses of Weiss' theorem are satisfied. With its aid 
we prove Theorem 1 for G and apply the Kurosh subgroup theorem to deduce 
the result for G. 

We use notation for profinite and pro-p groups from [6]. 

2 Preliminary results 

Theorem 2.1 ((2.6) Theorem in [3]) Let G be a group of order p and M a 
Zp[G]-module, free as a Zp-module. Then 

M = Ml® Mp® Mp_i 

such that Mp is a free G-module, Mi is a trivial G-module and on Mp-i the 
equality 1 + c + 1- cP~^ = holds, where G = (c). 

Let G be a p-group. A permutation lattice for G means a direct sum of G- 
modules, each of the form Zp[G/H] for some subgroup H of G. A permutation 
lattice will be also called G-perw.uta.tional module. 

If G is of order p then Theorem 2.1 implies that M is permutational lattice if 
and only if Mp_i is missing in the decomposition for M if and only if M/ {g—l)M 
is torsion free for: 1^ g €:G. 

Lemma 2.2 For any finite group N, integral domain R and finitely generated 
free R[N]-module M the map (j> : M defined by (f>(m) := X^neAr"""^ 

an epimorphism with kernel JM, where J is the augmentation ideal in R[N]. 

Proof: The map is well-defined, since X^new belongs to the centre of R[N] 
and for the same reason JM is contained in the kernel of (j). Present M = 
i?[A/'](g)^[jv]-^ with L a free i?-module, then when m = X)„gjv n^l{n) with l{n) € 
L belongs to , it means that all l{n) are equal, so that m = ® K^))- 

Hence (j) is an epimorphism. If m = XlajeiY-^ ® K^) ^ ker ((/)), then mod JM 
it is of the form J2xeN ® K^) therefore J2xeN K^) = must hold, i.e., 
m G JM. 
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Remark 2.3 When applying Theorem 1.2, in light of Lemma 2.2, we usually 
shall check the hypothesis for Mjv instead of . 

We shall need the following connection between free decompositions and 
Zp-representations for free pro-p by Cp groups. 

Lemma 2.4 Let G he a split extension of a free pro-p group F of finite rank by 

a group of order p. Then 

(i) ([8]) G has a free decomposition G = (UaeA^a ^ ^o) U-ff, with Ca = 
Cp and Ha and H free pro-p. 

(a) Set M :— F/[F,F]. Fix oq ^ A and a generator c of Gag- Then 
conjugation by c induces an action of Gag upon M. The latter module 
decomposes in the form 

M = Mi®Mp® Mp_i 

such that Mp is a free (c) -module, on Mp_i the equality 1 + c + ■ ■ ■ + 

c^^^ = holds, and c acts trivially on Mi. 

Moreover, the ranks of the three G/F-modules satisfy rank(Mp) = rank(i?), 
rank(Mp_i) = |^| - 1, and, rank(Mi) = J^aeA^^^H^a)- 

In particular, M is G / F-permutational if and only if \A\ = 1. 

Proof: (i) is 1.1 Theorem in [8]. For proving (ii), first pick ao € A, second, 
for each a G A a generator Ca of Ga, and put Cao ■= c. We claim that 

\aeA J \j=0 / \oeA\{ao}j=0 / 

Indeed, consider the epimorphism (j) : G ^ Gp with H and all Ha in the kernel 
and sending each generator Ca of Ga to the generator of Gp. Then clearly 
F = ker equals (i?"^^ , Ha, {caC~^)'^ \ a G A,j = 0, . . . ,p — 1). This shows that 

rank(F) < ^ rankif^ + p rank(ff ) + {p - 1){\A\ - 1). 

aeA 

On the other hand, one can use the pro-p-version of the Kurosh subgroup the- 
orem, Theorem 9.1.9 in [6] applied to F as an open subgroup of G, to see that 

F= (l[Ha] n I JJiJ^M nj7 

VaeA / \i=o / 

with U a free pro-p subgroup of F having rank(C/) = 1 + \ A\p — \F\G/H\ — 
EaeA \F\G/{Ha X Ca)\ = 1 + \A\p - p - \A\ = {\A\ - l)ip - 1). It shows the 
validity of the claimed free decomposition of F. 
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Factoring out [F, F] yields the desired decomposition the images of the 
three free factors. FinaUy, Mp_i appears as follows: writing fa := CaC~^ a 
straight forward calculation yields the equality f^" ■ ■ • f^fa = 1 for every 
a & A, which, in additive notation, reads (c^~^ + d'~^ H h c + l)fa = 0. 

Corollary 2.5 If for each a ^ A a basis Ba of Ha is given and B is any basis 
of H, then \J^^^Ba[F,F]/[F,F] is a basis of Mi and B[F,F]/[F,F] a basis 
of the G/F-module Mp. A basis of Mp-i is given by {caCa^ \ a € A,a ^ 
ao}[F,F]/[F,F]. 

Lemma 2.6 Every finitely generated virtually free pro-p group has, up to con- 
jugation, only a finite number of finite subgroups. 

Proof: Suppose that the lemma is false and that G is a counter-example 
possessing a normal free pro-p subgroup F of minimal possible index. When H 
is a maximal open subgroup of G with F < H then, as \H : F\ < \G : F\, the 
proper subgroup H satisfies the conclusion of the lemma, and so there arc, up to 
conjugation, only finitely many finite subgroups of G, contained in H . Hence, 
in order to be a counter-example, G must be of the form G = Fy\K for a finite 
subgroup K oiG and, as G contains only finitely many such subgroups H, the 
proof is finished, if we can show that up to conjugation, there are only finitely 
many finite subgroups L = K in G. Let t be a central element of order p in 
K and consider G\ := Fy\{t). Certainly Gi is finitely generated. Hence, as a 
consequence of Lemma 2.4(i), Gi satisfies the conclusion of the lemma, and so, 
G > Gi. Next observe that any finite subgroup L = K oi G containing some 
torsion element s S Gi is contained in Gg(s). By 1.2 Theorem in [8], Cf{s) is 
a free factor of F and therefore, since F is finitely generated, Gf(s) is finitely 
generated as well, and so is Gg(s). Let bar denote passing to the quotient mod 
the normal subgroup ,s of Gg(s). Then |Gg(s) : Cf{s)\ < \G : F\, so that Cg{s) 
contains only finitely many conjugacy classes of maximal finite subgroups. Since 
the centralizers of conjugate elements are conjugate, G can, up to conjugation, 
contain only finitely many maximal finite subgroups, a contradiction. 

Lemma 2.7 Let G be virtually free pro-p and Cpit) = {1} for every torsion 
element t € G. Then any pair of distinct maximal finite subgroups A,B of G 
has trivial intersection. 

Proof: Suppose that the lemma were false. Then one can pick maximal finite 
subgroups A and B ^ A such that 1 ^ G := A Ci B is oi maximal possible 
cardinality. Then G is a finite normal subgroup of L := {Na{C),Nb{G)), so 
the latter is itself finite, since Nq{C) must be finite (by Lemma 9.2.8 in [6] a 
finite normal subgroup of a pro-p group intersects the centre non-trivially) . On 
the other hand, one must have Lf] A = G due to the maximality assumption 
on the cardinality of pairwise intersections of maximal finite subgroups. Since 
G < A one arrives at the contradiction G < Na (G) < L n G = G. 

We shall frequently use also the following results about virtually free pro-p 
groups and free pro-p products. 
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Proposition 2.8 [([10], Proposition 1.7)] Let G he a virtually free pro-p group. 

Then 

(i) G/(Tor(G)) is free pro-p; 

(a) Tor(G) maps onto Tor(G/(Tor(G))) under the canonical epimorphism 

G — > G/(Tor(G)). 

Theorem 2.9 [([6], Theorems 9.1.12 and 9.5.1)] Let G = UlLi he a free 
profinite (pro-p) product. Then Gj n G^ = 1 for either i ^ j or g ^ Gj. 
Every finite subgroup of G is conjugate to a suhgroup of a free factor. 

3 HNN-embedding 

We introduce a notion of a pro-p HNN-group as a generalization of pro-p HNN- 
extension in the sense of [7], page 97. It also can be defined as a sequence of 
pro-p HNN-extensions. During the definition to follow, i belongs to a finite set 
/ of indices. 

Definition 3.1 Let G be a pro-p group and Ai,Bi be subgroups of G with 
isomorphisms : Ai — > Bi. The pro-p HNN-group is then a pro-p group 

HNN{G, Ai, (pi, Zi) having presentation 

HNN{G,A„cP„z,) = (G,z, | re/(G),Va, e A, : af = 0,(a,))- 

The group G is called the hase group, Ai, Bi are called associated subgroups and 
Zi are called the stable letters. 

For the rest of this section let G be a finitely generated virtually free pro-p 
group, and fix an open free pro-p normal subgroup F of G of minimal index. 
Also suppose that Cpit) = {1} for every torsion clement t E G. Let K := G/F 
and form Gq := G 11 K. Let tp : G —* K denote the canonical projection. It 
extends to an epimorphism ipQ : Gq ^ K, by sending 5 e G to gF/F e K and 
each k E K identically to k, and using the universal property of the free pro-p 
product. Remark that the kernel of ^0, say L, is an open subgroup of Go and, 
as L (1 G = F and Lf\K = {!}, as a consequence of the pro-p version of the 
Kurosh subgroup theorem, Theorem 9.1.9 in [6], L is free pro-p. Let / be the 
set of all G-conjugacy classes of maximal finite subgroups of G. Fix, for every 
i e /, a finite subgroup Ki of G in the G-conjugacy class i. We define a pro-p 
HNN-group by considering first Go := Go 11 F{zi \ i E I) with Zi constituting a 
free set of generators, and then taking the normal subgroup R in Gq generated 
by all elements of the form ki'tjj{ki)~^, with fcj e Ki and i € I. Finally set 

G := Go / Lt, 

and note that it is an HNN-group HNN {Gq, Ki, (pi, Zi) , where (pi := tp\KiJ Gq is 
the base group, the Ki are associated subgroups, and the Zi form a set of stable 
letters in the sense of Definition 3.1. 
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Let us show that G is virtually free pro-p. The above epimorphism ?/jo : 
Go — > K extends to G — > K by the universal property of the HNN-extension, 
so G is a semidirect product F^K oi its kernel F with K. By Lemma 10 in [5], 
every open torsion free subgroup of G must be free pro-p, so F is free pro-p. 

The objective of the section is to show that the centralizers of torsion ele- 
ments in G are finite. 

Lemma 3.2 Let G — HNN{Go, Ki, Zi) and F be as explained. Then Cp{t) = 
1 for every torsion element t & G. 

Proof: There is a standard pro-p tree S := S{G) associated to G := HNN{Gq, Ki,(j)i, Zi) 
on which G acts naturally such that the vertex stabilizers are conjugates of Gq 
and each edge stabilizer is a conjugate of some Ki (cf. [7] and §3 in [11]). 

Claim: Let ei, 62 he two edges of S with a common vertex v. Then the intersec- 
tion of the stabilizers Ggi n Gej is trivial. 

By translating ei, 62, w if necessary we may assume that Go is the stabilizer 
of V. Then, up to orientation, we have two cases: 

1) V is initial vertex of ei and 62. Then Ge^ = K? and Gej = Kj with 

g, g' e Go and either i ^ j or g ^ Kig' . Suppose that Kf n K^- ^ {!}. Then, 

since Go = GUif, we may apply Theorem 2.9, in order to deduce the existence 
of go e Go with Kf^° n K^^ ^" < G. Now apply Lemma 2.7, in order to deduce 

the contradiction i = j and ggo G Kig'g^. So we have Kf n ifj = {1}, as 
needed. 

2) V is the terminal vertex of ei and the initial vertex of 62- Then Ge^ = 
and Ge2 = Kf for g, g' G Go so they intersect trivially by the definition of Gq 
and Theorem 2.9. So the Claim holds. 

Now pick a torsion element t G G and f E F with t^ = t. Let e G E{S) be 
an edge stabilized by t. Then fe is also stabilized by t and, as by Theorem 3.7 
in [7] , the fixed set 5* is a subtree, the path [e, fe] is fixed by t as well. By the 
above then fe = e contradicting the freeness of the action of F on E{S). 

4 Proof of the main result 

Proposition 4.1 Let G he a semidirect product of a free pro-p group F of finite 
rank with a p-group K such that every finite subgroup is conjugate to a subgroup 
of K. Suppose that Cpit) = {1} holds for every torsion element t € G. Then 
G = KUFq for a free pro-p factor Fq . 

Proof: Suppose that the proposition is false. Then there is a counter-example 
with K having minimal order. When K ^ Cp, then by Lemma 2.4(i) G = 
(Uie/ Ci) U H with / a finite set, all G, of order p and H free pro-p. By 
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the assumptions and Theorem 2.9 there is a single conjugacy class of finite 
subgroups, i.e., \I\ = 1, so that G would not be a counter-example. Therefore 
K is of order > p^. 

Let H be any maximal subgroup of K. Then FxH satisfies the premises 
of the proposition and hence FxH is of the form H U Fi for some free factor 
Fi. Let us denote by bar passing to the quotient mod {H)g- As {H)g = 
(Tor(FiJ)) by Proposition 2.8(i) F is free pro-p. Lemma 2.4(i) shows that 
<5 = Uiei -xCp{a))U Fo with / finite and Fq a free factor of F. Now by 
Proposition 2.8(ii) Tor(G) = Tor(G), and therefore, every torsion element in G 
can be lifted to a conjugate of an element in K. Hence I consists of a single 
element, so that 

G = {K xCFiK))nFo. (1) 

In the sequel we shall use Lemma 2.4(ii) a couple of times. Consider M := F/F' 

as a iC-module and let J denote the augmentation ideal of Zp[iJ]. Since F>iH = 
H ]1 Fi = (Ufi^u F^) xH, H acts by permuting the free factors F^^, so that 
M is a free i?-module. Passing in Eq.(l) to the quotient mod the commutator 
subgroup oi F = {Cp{K), Fq)q, using Lemma 2.4, one can see that M/JM is 
a K-permutation lattice. Then an application of Theorem 1.2 together with 
Remark 2.3 shows that M itself is a JsT-permutation lattice. 

We shall show that M is a free K-modvAc. Indeed, if any of the summands 
is not free, a proper subgroup of K, say S, acts trivially there. Since M is a free 
il-module, conclude that S f\H = {1}, and from this that S is of order p. Let 
us show that Gi :~ Fy\S satisfies the premises of the proposition. Certainly 
Cpit) = {1} for every torsion element t G Gi. Pick x G Tor(Gi). There is 
k € K and / e F with x = . Since k € (FS) D K deduce k e S. So there 
is a single conjugacy class of finite subgroups in Gi. But then, considering 
the natural homomorphism from FyiS to My\S and, observing the minimality 
assumption on \K\ > \S\ = p, so that Fx 5 = SJlFg for some free pro-p group 
Fs, one finds as an application of Lemma 2.4 that the decomposition of M 
cannot have direct summands, on which S acts trivially, a contradiction. Since 
M is a /C-permutational lattice, it is 5-permutational as well and so cannot 
contain p — 1 blocks, so that M is a free /f-module. 

Consider G := KUFq with Fq = G/(Tor(G)). By Proposition 2.8 G/(Tor(G)) 
is free pro-p, so we can fix a section Fq of G/(Tor(G)) inside G, and define a 
homomorphism (f) : G ^ G hy first sending K to K and Fq onto Fq and then, 
using the universal property of the free product, extending it to G. By assump- 
tion all torsion elements are, up to conjugation, contained in K, showing that 
(f> is an cpimorphism. By the above the kernel of must be contained in [F, F]. 
In particular, since the group is finitely generated, one has F = F, since both 
groups are free pro-p. Since ivTlker </> = {!}, conclude that (f) is an isomorphism, 
as claimed. 

Proof: [of Theorem 1.1:] Lemma 2.6 shows that G can have only a finite number 
of conjugacy classes of maximal finite subgroups. Therefore one can form G as 
described before Lemma 3.2, in order to embed G such that G is both, finitely 
generated, and, has finite centralizers of its finite subgroups, and, moreover, has 
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a single conjugacy class of maximal finite subgroups. By Proposition 4.1 the 
group G is of the form G = KUFq where K is finite and Fq is free pio-p. Since 
G is a finitely generated pro-p subgroup of G, the Kurosh subgroup theorem in 
[4] implies that G must have indeed the form as claimed. 

5 An example 

Wc give an example of a virtually free profinitc group that satisfies the ccntral- 
izer condition of the main theorem but does not satisfy its conclusion. Note 
that the same example is valid for abstract groups. 

Lemma 5.1 Let A = B = S3 be the symmetric group on a 3-element set and 
C := C2. Form the amalgamated free profinite product G = A lie B, where C 

identifies with given 2-Sylow subgroups in A and B respectively. 

Then for every torsion element t & G its centralizer is finite. However, G 
cannot be decomposed as a free profinite product with some factor finite. 

Proof: It is easy to see that G can be presented in the form G = Ny\C2, 
with AT = C3 n C3 and C2 = (a) acting by inverting the generators of the 
two factors. Then the structure of N , in light of Theorem 2.9, shows that no 
element of order 3 can have an infinite centralizer. For establishing the first 
statement of the Lemma, it will suffice to show that all involutions in G are 
conjugate, and that a acts without fixed points upon N = (a, 6), where a, b are 
generators of cyclic free factors of order 3. As G is the fundamental group of 

A Q B 

the graph of groups • , Theorem 5.6 on page 938 in [11] shows 

that every involution is conjugate to an involution in one of the vertex groups 
A or B. As A and B both have a single conjugacy class of involutions and the 
latter contains C, the first observation holds. Since, by Theorem 9.1.6 in [6], 
N' is freely generated by the commutators [a*, V] with i,j e {1, 2}, one can see 
that a. permutes them without fixed points, so that N'y\{a) is isomorphic to 
F{x, y) n C2 with F(x, y) a free profinite group. Thus a has no fixed points in 
N' and, as an easy consequence, none in N. 

Suppose that G = LH K with L finite. Then, by Theorem 2.9, w.l.o.g. we 
can assume that A < L. The just cited Theorem on page 938 in [11] shows that 
^ is a maximal finite subgroup of G, so that A = L. Since the quotient mod 
the normal closure of L in G is isomorphic to K on the one hand and trivial by 
construction, find K = {1}, a contradiction. So G has no finite free factor. 

A list of remarks of a referee of a previous version of the paper led to immense 
improvement in presenting some proofs. 
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